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I. INTRODUCTION
Acoustic reverberation in shallow water (SW) waveguides has become a hot research topic in recent years. It involves a complex process of both two-way sound propagations and bottom scattering. Figure 1 shows a flow chart of seabed-dominated SW reverberation. The seabottom geoacoustic parameters and velocity profiles in the water column control two-way propagations that can now be dealt with by using existing theoretical formulae and numerical methods, as summarized in a monograph by Jensen et al. 1 Thus, as the main source of SW reverberation, seabottom scattering becomes a kernel problem in the development of reverberation models.
In 1999, Preston indicated 2 "Much progress has been made in our understanding of reverberation. However, there remain important unanswered questions and a real scarcity of high-quality basic research data sets." Figure 2 of Ref. 2 shows that currently available BBS data at LF&LGA vary as much as 30 dB at a given angle. This large variation might be caused by different sediment properties, but it might also be due to questionable reverberation data, due to the theoretical formula of reverberation, or the seabed geoacoustic models used in some scattering inversions.
The derivation of a reliable long-range LF reverberation model requires a reliable LF&LGA bottom scattering model that is proven by experimental data. The LF&LGA seabed scattering is almost impossible to directly measure in shallow water, and is generally derived from mid-and long-range reverberation. As Eller argued, "Unless the assumptions used in extracting the scattering coefficients from the received reverberation are very carefully chosen, the resulting coefficients will not represent valid environmental parameters, independent of how the data were obtained and analyzed." 3 In the past 30 years, one of the major accomplishments in ocean acoustics has been our understanding of seabed scattering. This has been summarized in a monograph of the ONR Underwater Acoustics Series, entitled "HighFrequency Seafloor Acoustics." 4 As its introduction indicates, this monograph emphasizes "high frequencies, very roughly, frequencies from 10 kHz to 1 MHz." A natural question is raised from this book: Are those seabed scattering models, which are well developed for seabed boundary roughness and sediment inhomogeneity, suitable/applicable to low grazing angles and low frequencies of 100-3000 Hz? To answer this question, we also need the LF &LGA seabed scattering data that are currently in "a real scarcity." 2 In addition to a reliable reverberation model, there are two other absolute requirements for the inversion of the LF&LGA scattering from reverberation: (1) carefully calibrated reverberation measurements in a broad band and (2) a ground truth about the seabed geo-acoustic model in the same sea area. Poorly calibrated reverberation data result in incorrect values of the seabed scattering. A previous paper showed that a decrease (increase) in bottom reflection loss can be compensated for by increasing (decreasing) the angular index of bottom scattering. 5 That is, there is an uncertainty caused by an internal coupling between a seabed geoacoustic model and a scattering model.
Taking the above-mentioned three essential conditions of reverberation inversions into account, this paper derives the LF&LGA seabed scattering strength vs angle and frequency in SW with sandy bottoms, based on three previous works: (1) The analytical (closed-form) expressions of SW reverberation; [6] [7] [8] (2) an effective geo-acoustic model of sandy bottoms that follows the Biot model as well as other physics based models; 9, 10 and (3) a quality database of wideband reverberation level (RL) normalized to source level (SL) . 11 This paper is organized as follows: Sec. II briefly introduces the angular spectrum (energy flux) method for SW reverberation and the closed-form expressions of reverberation in isovelocity shallow water. A theoretical model and a methodology which is used to derive the LF&LGA bottom backscattering strength are described in detail in Sec. III. Section IV describes the seabed geoacoustic model used in the derivation of BBS. The reverberation-derived LF&LGA BBSs as a function of frequency and angles for three sites with sandy bottoms are given in Sec. V. Finally, Sec. VI summarizes and discusses the results of this paper.
II. THE CLOSED-FORM EXPRESSIONS FOR OCEAN REVERBERATION INTENSITY IN SHALLOW WATER
The angular spectrum (energy flux) method for modeling SW reverberation, based on the WKB approximation of normal-mode theory, was first presented three decades ago in archived Chinese journals. 6, 7, 12, 13 These included closed form expressions for reverberation in SW with a down refracting and isovelocity profile or with a varieddepth. [6] [7] [8] [13] [14] [15] [16] Due to its simplicity and intuitive nature, the energy flux method has further been developed and widely used for SW reverberation calculations, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] mainly due to works by Harrison, Holland and Ainslie. 18, 20, 21, [23] [24] [25] [26] [27] [28] [29] [30] All the closed-form expressions in isovelocity shallow water, derived by Zhou, 6 Harrison, 18 Ainslie 27,30 and Holland, 24 are almost identical, having only minor differences in constant coefficients. In this paper, Zhou's closed-form expressions for reverberation in isovelocity water are used to extract the frequency and angular dependence of the BBS at LF&LGA from long-range reverberation data.
A. General expressions of the energy flux method for average SW sound intensity and reverberation
The earliest detailed derivation of the energy flux method for SW reverberation, derived from the WKB approximation to the normal-mode solution of the wave equation, was in Chinese. 6 Its English translation has been unavailable to all but a very few western colleagues. It is worthwhile to briefly introduce this method here.
A source level (SL) of 0 dB will be assumed in all subsequent expressions. The sound field intensity in shallow water, normalized to SL, can be expressed as a sum of normal modes:
Iðr; z; z 0 Þ ¼ 2p r X ( jU n ðz 0 Þj 2 jU n ðzÞj 
where U n is the eigenfunction, k n is the longitudinal wave number, b n is the modal attenuation factor of the nth mode, z 0 is the source depth and z is the receiver depth. The first term of Eq. (1) is an incoherent summation of normalmodes. It describes the average intensity of the sound field. Because SW environments are complex and variable in both space and time, it is difficult to predict or measure the fine structure of a SW sound field associated with modal interference. Thus, for many practical applications such as sonar performance predictions, the second term of Eq. (1), which describes the interference fine structure, can be neglected. According to the WKB approximation, the smoothed (slowly varying) energy depth distribution of the nth mode can approximately be expressed as jU n ðzÞj 2 ¼ 2 S n tan h n ðzÞ :
Here, S n is the cycle distance of the nth mode-ray given by
and h n is the mode grazing angle. The eigenvalue k n of the nth mode satisfies the relationship ð g n n n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi k 2 ðzÞ À k 2 n q dz þ e n n þ e g n ¼ 2np; (4) where n n and g n are the upper and lower turning (or reflection) depth of the nth mode, e n n and e g n are the corresponding phase shifts, and kðzÞ ¼ x=cðzÞ. Neglecting other possible losses except bottom reflection loss, the modal attenuation factor, b n , can be expressed approximately in terms of the bottom reflection coefficient VðhÞ:
where d n is a beam displacement on the bottom reflection. If the water depth H satisfies kH ) 1, d n ( S n ; i.e., when the frequency is relatively high, d n is negligible. Each normal-mode can be decomposed into a pair of up-and down-going local quasi-plane waves. We shall call the local plane wave an equivalent "mode-ray." The grazing angle of the mode-ray and the eigenvalue of the nth mode are related by k n ¼ kðzÞ cos h n ðzÞ:
Ignoring the minor effects of e n n and e g n , differentiating k n with respect to n in Eq. (4), and using Eqs. (3), (6) and the identity,
f 0 ðz; nÞdz þ f ðg n ; nÞ dg n dn À f ðn n ; nÞ dn n dn
we obtain the known relationship:
Using (6) and (8), we have dn ¼ S n kðz 0 Þ sin h n ðz 0 Þdh n ðz 0 Þ 2p :
The incoherent summation over modes can be changed to an integration over the mode-ray angle h . Proceeding from (1), (2) , (5), (8) , and (9) , and adding a term of water absorption, we can derive a general expression for the average field intensity in shallow water given by 
where I aps ðh; r; z; z 0 Þ ¼ 2e
À2b n r S n tan h n ðzÞ ¼ 2e 2 ln jVðhÞjr=S n ðhÞ S n tan h n ðzÞ :
Using different methods, both Brekhovskikh 31, 32 and Smith 33 obtained a similar expression. In (10) and (11), a is the water column absorption coefficient; h(z 0 ) is the grazing angle of the mode-rays at the source depth and h(z) is the grazing angle at the receiver depth. The quantity defined by Eq. (11), I aps is referred to as the "angular power spectrum" of sound propagation. Smith also called it the "energy density in direction of arrival." 33 The average sound intensity in shallow water depends on water absorption and two other parameters: the bottom reflection coefficient VðhÞ and the cycle distance S n of the mode-ray. According to Guthrie and Tindle, the "mode rays" (eigenrays) associated with normal modes are spatially fuzzy. The "mode-rays" obey Snell's law:
The interference of many adjacent modes forms a physical ray with limited width that converges to a geometric ray at high frequency. 34 Equation (10) is a simple and intuitive expression for calculating averaged SW field characteristics such as sound propagation, reverberation, noise and their spatial coherence. It is only an angular weighting process. For calculating the average reverberation intensity in shallow water, the two-way propagation angular spectra and the classic seabed scattering function are well connected in the angular domain.
For a frequency band this paper is interested in, and at low order modes-dominated long-range, the water absorption loss may be approximated as the horizontal range times the absorption coefficient a. Using the single scatter approximation, the average reverberation intensity R can be expressed in terms of I aps by where I aps ðh; r; H; z 0 Þ is the incident angular power spectrum at a distance of r, incident upon a seabed area A; I aps ðu; r; z; HÞ is the angular power spectrum returned to a receiver at a depth of z from the same bottom scattering area; H is the water depth; M b ½h n ðHÞ; u m ðHÞ is the bottom scattering function; h n ðHÞ is the incident grazing angle of mode n at the bottom; and u m ðHÞ is the scattering angle of mode m.
B. The average sound intensity in the Pekeris waveguide (isovelocity water)
The plane-wave reflection coefficient from the half-space seabed at grazing angle h can be approximated by [35] [36] [37] [38] À ln VðhÞ
where h C is the critical angle, Q is a seabed reflection loss factor; the seabed reflection loss will be À20 log 10 VðhÞ j j¼ 8:686Qh ðdB=radÞ. V 0 is the bottom reflection coefficient at large grazing angles close to the normal incidence. In isovelocity shallow-water, the cycle distance of the nth mode-ray, S n ¼ 2H=tanðh n Þ. From (10) and (13) , the average sound intensity as a function of range in the isovelocity shallow-water can be divided into four regions, with different "decay laws" expressed (omitting sound absorption in the water column) by 6, [35] [36] [37] (a) For r 0 < r < r 1 , spherical spreading region $ r
(b) For r 1 < r < r 2 , cylindrical spreading region $ r À1 ,
(c) For r 2 < r < r 3 , three-halves law region $ r
(d) For r > r 3 , single mode (1st mode) decay region
Three transition distances in the Pekeris model are defined as
where k is the wave number. In general, active sonar predictions are most interested in the mode stripping region C that was defined first by Brekhovskikh as the "three-halves law" region. 36 It is roughly hundreds of meters to several tens of thousands of meters from a sound source. 37 C. The closed-form expressions of reverberation in the Pekeris model (Ref. 6) The descriptions of seabed scattering by Urick 39 and Mackenzie-Lambert 40 were extended to more general angular dependence as follows. [6] [7] [8] When a plane wave with an intensity of I i ðhÞ is incident upon unit bottom element dA at a grazing angle h, the backward scattering intensity at one meter from an elementary area in the u direction can be written as
Here l is the generalized Lambert coefficient, m and k are the angular indexes for incident and scattering waves, respectively. The insonified area A is defined as A % prcs. Making the small angle approximation, neglecting angles greater than the critical angle, and with the aid of Eqs. (13), (19) and the definition of A, Eq. (12) may be solved to produce the following closed-form solutions, as described in Eqs. 
(2) For the Omnidirectional model (m ¼ 1 , k ¼ 0):
(3) For the Angle-independent scattering model (m ¼ k ¼ 0):
where s is the pulse duration of the transmitting signal, and c is the sound speed in the water column. The subscript indices of R mk , m and k, are the angular index of incidence and the scattering angle, respectively. /ðxÞ is the probability integral
As Sec. IV of Ref. 6 indicates, "although the abovementioned formulae are derived for n ¼ ðm þ kÞ ¼ 0, 1 and 2, our numerical calculations show that the results are approximately applicable to arbitrary values of the bottom scattering index n, i.e., a combination of any k and m, integer or decimal. It only requires a minor modification for the constant coefficient." Thus, the closed-form expressions of long-range reverberation in isovelocity shallow water were generalized to Eq. (4.15) 
Here the bottom scattering index n ¼ m þ k, i.e., it is a combination of any k and m, integer or decimal. Harrison, 18 Ainslie 27 and Holland 24 have derived expressions for an isovelocity SW that are similar to Eq. (23) and Eq. (24) with a minor difference in the constant coefficients.
III. THEORETICAL MODELS FOR THE BBSðhÞ DERIVATION FROM REVERBERATION DATA
In isovelocity shallow water, the cycle distance of the nth mode-ray can be expressed by S n ¼ 2H=tanðh n Þ. Due to mode stripping, lower modes with small grazing angles dominate the sound field in the three-halves law region where we have tan h n % h n . Contributions from higherorder modes with grazing angles larger than the critical angle can be neglected. Using Eq. (13) and Eq. (10), the sound intensity in the three-halves law region can be expressed by:
Here h eff ðrÞ is the effective angle of sound propagation defined by 41 h eff ðrÞ ¼
where the transition distances, r 1 ; r 2 and r 3 , are defined in Eq. (18) . The angular spectrum of sound propagation in the isovelocity SW is a Gaussian function. It can be replaced by a sharp cut at h eff . The sound waves propagate within an effective grazing angle range of 6h eff ðrÞ; h eff ðrÞ depends on the water depth H, propagation distance r and seabed reflection loss factor Q. 
where AðrÞ ¼ 2pr Â cs=2 is the bottom scattering area at a distance of r. h eg ðrÞ ¼ ð2=pÞh eff ðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi H=ðpHQÞ p ¼ 0:637h eff ðrÞ. Taking a logarithm for both sides of (27), we have the reverberation level (in dB) as RLðrÞ ¼ 10 log 10 AðrÞ þ BBSðh eg Þ À 2TLðrÞ À att w 2r À 6:0;
or
where BBSðh eg Þ ¼ 10 log 10 ½lðh eg Þ n ¼ 10 log 10 l 2 p h eff ðrÞ
is the bottom backscattering strength at h eg ðrÞ that equals to 0:637h eff ðrÞ. att w is the sound absorption in water (dB/m). Equation (28) is very similar to the boundary reverberation formula suitable to short-range or deep ocean modeling from the ray method (without considering waveguide multipath effect). 39 Equations (27)- (29) show an interesting result: in the mode stripping (three-halves law) region, although the SW reverberation is produced from the bottom scattering by all modes or rays with different incident and scattering angles, the complex multi-incident/scattering angle interactions with a bottom are equivalently replaced by the bottom backscattering (BBS) at a single angle of h eg (¼0.637h eff ), i.e., the reverberation may be expressed as a simple product of the transmission loss to and from the insonified area and the seabed backscattering at a single range-dependent angle, h eg ðrÞ. A factor of 1=2 in Eq. (27) for two-way propagation I C ðrÞ, or À6.0 dB in Eq. (28) , accounts for the fact that only the down-going waves, i.e., half the energy of normal modes in sound propagation, are considered as an incident wave for bottom scattering. This factor is required by the definitions of the commonly used bottom scattering models. Similarly, only the up-going waves of the bottom-scattered normalmodes are considered in reverberation/scattering calculations. measurements conducted at 20 locations in different coastal zones around the world were analyzed. The sound attenuations in sandy or sand-silt mixture bottoms, inverted from different acoustic field characteristics, exhibit similar magnitude and nonlinear frequency dependence below 2000 Hz at all of these sites (see Fig. 2 ). The LF field-derived effective seabed geoacoustic model, for both sound speed and attenuation in the sandy bottoms, can be well described by the Biot model as shown in Figs. 2(a) and 2(b) by solid curves. 9 We will use this effective bottom geoacoustic model for inverting the LF&LGA BBS from reverberation data, because half of those LF measurements in Ref. 9 were made at Chinese sea sites that are the same as or close to the sites for the reverberation measurements reported in this paper.
As Ref. 9 indicates, in the basic Biot theory, three parameters largely control the fluid motion that causes the nonlinear dispersion that is important in the coarser granular sediments. These are the permeability j s , the porosity b, and the tortuosity a 0 which defines the necessary amount of "added mass" in the Biot-Stoll model. These three parameters define the pore-size parameter. Data/model comparisons (trials) tell us that the LF sound speed ratio is very sensitive to the porosity of sediment and is less sensitive to the permeability and tortuosity. The LF sound attenuation is very sensitive to the permeability of the sediment and is less sensitive to the porosity and tortuosity. Thus, the porosity of 0.42 and the permeability of 1.0 Â 10 À11 were easily determined as the values that provide the best match between the Biot model and the LF inverted attenuations and speed ratios shown in Fig. 2 , as well as the average LF sound attenuations shown in Fig. 11 of Ref. 9 . The other eleven Biot parameters are same as those from the SAX99 measurement. The standard deviation of the permeability, inverted from the LF field measurements is less than 0.05 Â 10 À11 ; The porosity deviation is less than 0.015.
The bottom reflection factor Q in Eqs. (13), (27) , and (29) can be expressed by 9, 11, [36] [37] [38] Qðf Þ ¼ 0:0366 ðc
where a b is the sound attenuation (dB/m) in the bottom and f is the frequency in kHz. field-inverted permeability and porosity, are plotted in Fig. 3 by dashed lines.
V. REVERBERATION MEASUREMENTS AND REVERBERATION-DERIVED BBSðhÞ

A. Reverberation measurements
A quality database of reverberation is absolutely essential in derivation of bottom scattering strength from reverberation measurements. The "quality" here means that the reverberation data are in a broadband, obtained from carefully calibrated measurements. The data have been normalized to the source level (SL), and have high reverberation-to-noise ratio. However, to get wideband SLnormalized RL is a delicate task that can be subject to error. A prior paper introduced a simple measurement method that could avoid the signal overflow and saturation caused by a powerful explosive source. 11 The SL-normalized RL data in the three-halves law region from this method are used in this paper to derive the BBS (after the RL data are corrected by the Thorp formula for the sound absorption in the ocean 44 ). Reverberation data were collected using 1000-g explosive charges from 4 sites: two from the Yellow Sea (YS); two from the East China Sea (ECS). During the measurements, the sea surfaces were relatively calm. The sea bottoms at the three sites were very flat; 45 the depth deviation was less 61 m. The fourth site was nominally flat. 11, 45 The average sound velocity profiles (SVP) for the 4 sites, measured at the receiving array sites, are plotted in Fig. 4 .
The SVPs at two sites (YS site I and ECS site I), shown in Fig. 4 by solid lines, were isovelocity. The SVP at ECS site II (ASIAEX01), shown by a dashed line, is quasiisovelocity. At this site, when explosive charges were detonated at a depth of 50 m, RLs received by different hydrophones located at different depths did not show any depth dependence, i.e., the case was close to a Pekeris model. The SVP at YS site II (YS'96), shown by a dotted line, has a strong thermocline. When both sound source and receiver are below the thermocline, the YS'96 site can approximately be treated as a Pekeris model, because numerical simulations show that the maximum RL difference between a real SVP and the Pekeris model is less than 2 dB for frequencies larger than 200 Hz.
B. Using the Lambert law and the Biot geo-acoustic model to derive BBS
The semi-empirical Lambert law has widely been used for comparisons with bottom scattering measurements and reverberation modeling, although it has no physical basis. Just for the sake of comparison with the commonly published Lambert coefficients, 46 this section will use the Lambert law (n ¼ k þ m ¼ 2), reverberation data and the Biot model to derive the Lambert's scattering coefficient, 10 log 10 l LM , with respect to frequency.
Figures 5(a) and 5(b) show the initial reference reverberation level (IRRL) at 2 and 4 second after an explosive source is detonated, respectively. 11 The IRRL data were obtained from 4 sites. Equation (24) shows that in the three-halves law region, if the bottom scattering obeys the Lambert law (n ¼ 2), the reverberation intensity is independent of water depth, H. Using the IRRL data shown in Figs. If both wideband TL and RL are well measured, or if both RL data and the seabed geoacoustic model are available, then Eqs. (28) and (29) can be used to derive an angular dependence of the LF BBSðhÞ. In this section, the wideband RL data, obtained from three sites with sandy bottoms, and the average Q values shown in Fig. 3 , are used in Eq. (29) to derive the BBS vs angle and frequency. The RL data from the YS site II are not used, because the RL data at this site exhibit an uncommon/unknown water volume scattering at long-range (around 20 s). Equation (18) shows that the three-halves law region is within two transition ranges, r 2 and r 3 . That is, the RL data used to derive BBSðhÞ in this section should satisfy two conditions: (1) A high reverberation/noise ratio (>6 dB); (2) Reverberation time t between 2r 2 =c and 2r 3 =c (c is the sound speed in the water column). Based on Eqs. (26) and (29), r 2 , r 3 , H (water depth) and Q (the bottom loss factor) define a possible angular range of the reverberation-derived BBSðhÞ for a given experimental site. 
(2) For the ECS site I, where the water depth is 40:061:0m, the RL-derived BBSðhÞ as a grazing angle for different frequencies is plotted in Fig frequencies is plotted in Fig. 9 (a) by dashed lines. 
VI. SUMMATION AND DISCUSSION
The angular spectrum (energy flux) method for calculating SW reverberation has briefly been introduced in this paper. It is based on the WKB approximation to the normalmode solution for wave equations (ray-mode analogies). In this method, two-way sound propagation and bottom scattering are treated as weighting functions in the angular domain. As an alternative method to SW reverberation modeling, it is simple and intuitive.
The closed-form expressions for SW reverberation in the isovelocity waveguide, derived from the energy flux method, show that the complex seabed scattering by all modes/rays with different incident and scattering angles can equivalently be represented by seabed back-scattering at a single angle (that depends on range, seabed reflection loss and water depth). This equivalent relationship offers a simple method to derive LF&LGA BBS from reverberation measurements [see Eqs. (26)- (29)]. The method is valuable because it allows seabed backscattering strength to be inverted at frequencies and angles where no practical method of measurements exists.
The equivalent relationship and the LF field-derived seabed geo-acoustic model (Biot parameters The characteristics of the reverberation-derived LF&LGA bottom backscattering strength need a physical explanation.
The results might be used to compare with the well-developed HF seabed scattering models summarized by Jackson and Richardson, 6 and to see if those HF seabed scattering models are applicable at low frequencies. It also might be used to analyze the physical mechanisms of bottom scattering, including possible estimates of the seabed roughness spectra or sediment inhomogeneities at low frequencies. 47 The theoretical expressions used to invert the BBS, Eqs. (24), (26)- (29), are limited to the three-halves law region where r 3 > r > r 2 . In addition to this limitation, it is often hard to get quality reverberation data at long range because of ocean background noise interference; particularly at lower frequencies. These two factors limit the possible angular ranges of the SW reverberation-derived BBS in this paper.
The LF field-inverted seabed physical parameters for the Biot model 9,10 and the SW reverberation-derived LF&LGA seabed scattering in this paper are limited to sandy or sand-silt mixture seabottoms. Both seabed reflection and scattering models for the BBS derivations are described by the approximate expressions, Eqs. (13) and (19) . The shear wave effects are assumed negligible in the frequency range for the BBS derivations. Thus, the reverberation-derived LF&LGA BBSs in this paper are approximation values.
Equations (26)- (29), used to derive the BBS in this paper, show how a variation of the bottom loss factor Q would quantitatively affect the values of the effective angle and reverberation-derived BBS. The Q values in Fig. 3 obtained from the Biot model exhibit very interesting frequency dependence at low grazing angles. The reflection loss amplitude and peak value frequency (around the JR characteristic frequency) are a complex function of the Biot parameters, and are particularly sensitive to the permeability j s , the porosity b, and the tortuosity a 0 . The uncertainty of the reverberationderived BBS in this paper will depend on the reliability of the effective Biot model (average parameters) inverted from LF field measurements. 9, 10 Our preliminary data-model comparisons also show that around (or higher than) the JR characteristic frequency, the reverberation-derived LGA BBS exhibits much weaker frequency dependence than LF BBS, and it sometimes decreases with increasing frequency. Thus, more work needs to be done in the future to investigate how the Biot parameters and their uncertainties affect the seabed backscattering strength and its frequency dependence, including possible effects of shear wave.
In order to compare with the inversion method used in this paper, one may simultaneously measure both TL and RL from same sites and use Eq. (28) to derive the LF&LGA BBS. It will be desirable in the future to directly integrate physics-based seabed reflection/scattering models 4 into the energy flux method for SW reverberation modeling, and to do data/model comparisons, then from reverberation data to invert the physical parameters of seabed scattering as well as LF&LGA BBS vs frequency and angle. 48 
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Shear wave velocity and attenuation in the upper layer of ocean bottoms from long-range acoustic field measurements Pages: 3698-3705
Low frequency (LF) (compressional) sound velocity and effective attenuation in sandy seabottoms have recently been analyzed and summarized from long-range field measurements in shallow water (SW). 1 The measurements were conducted by different investigators at 20 locations in different coastal zones around the world. The effective seabed attenuations, inverted from these acoustic field measurements with different characteristics, exhibit similar magnitude and nonlinear frequency dependence below 2000 Hz at all of these sites, as shown in Fig. 1 . The average LF-field-inverted sound attenuation values from sites 1-20 are listed in Table I as a function of frequency. The numbers of the available data sets for the average are also listed in Table I . Using power law fitting, the average LF effective attenuation a 2E in sandy and sand-silt mixture seabottoms can approximately be expressed as the following nonlinear frequency dependence: 
where f is frequency in units of Hz. The corresponding average sound velocity ratio at the bottom-water interface in the 50-600 Hz range is 1:061 6 0:009. 19, 20 when the physical parameters of these seabed acoustic models are known. However, there remain important unanswered questions. One of these involves the possible shear wave effects that were assumed to be unimportant in those LF measurements and inversion methods. Another one is, why is the frequency exponent of sound attenuation in Eqs. (1) and (2) around 1.8, not close to 2 that should be "a direct consequence of the Biot theory"? [17] [18] [19] [20] [21] There might be different answers to the second question. Carey et al. hypothesized that "The discrepancy can be explained because the inverse analysis inferences were made with the neglect of an additional attenuation mechanism where generated lower shear waves carry energy downwards out of the waveguide." 21 Following this hypothesis, this paper attempts to use the LF field-inverted effective sound attenuation shown in Table I to estimate a possible range of the average shear wave velocity and attenuation in the upper layer of sandy bottoms.
II. ESTIMATION OF SHEAR WAVE VELOCITY AND ATTENUATION FROM THE LF FIELD MEASUREMENTS
The LF field geo-acoustic inversions in Ref. 1 assumed that sea bottoms were a half-space equivalent fluid model; i.e., the shear wave was negligible. Thus, inverted sound attenuations (and related Biot parameters) in the bottoms should be considered as equivalent/effective values, a 2E ðf Þ. A. Shear wave effects on the near-grazing acoustic reflection and the equivalent sound attenuation
The LF sound velocity and attenuation in Ref. 1 were inverted from the long-range sound field where lower-order normal modes interact with an upper layer of the bottom at low grazing angles (around a wave length thick). According to the Wentzel-Kramers-Brillouin approximation, the nth modal attenuation coefficient in a SW waveguide, b n , can be expressed approximately in terms of the bottom reflection coefficient VðhÞ,
where S n is the cycle distance of the nth mode-ray, d n is a beam displacement on the bottom reflection, h n is the grazing angle of the nth mode at the water-bottom interface. If the water depth H and wave number k satisfy kH ) 1, d n is negligible. The plane wave reflection coefficient from the seabed (fluid or elastic) can always be expressed by its modulus and phase
At low grazing angle, [22] [23] [24] [25] [26] jVðhÞj % 1 À Qh % e ÀQh ðh ( 1Þ;
/ðhÞ % Àp þ Ph ðh ( 1Þ:
The quantity Q governs the modal attenuation; it is related to the bottom reflection loss defined by 20 logjVðhÞj ¼ 8:686Qh in dB/radian; P is a near-grazing reflection phase shift that is introduced by an imaginary ideal pressurerelease boundary located a distance of P=4p wavelength below the true seabed boundary, i.e., a "hidden depth" DH ¼ ðP=4pÞk. The modal decay factors b n control the sound propagation loss in SW waveguides. Based on Eqs. (3) and (5), the shear wave must affect long-range SW propagation through the near-grazing bottom reflection factor Q and P.
The characteristics of the seabed reflection loss at low grazing angles were used by Tindle, Zhang, and Chapman to treat the shear wave effects [25] [26] [27] [28] [29] that will be briefly described next.
The seabed is assumed as a homogeneous poro-elastic half-space with density q 2 , compressional wave velocity c 2 , and shear wave velocity c s . The water layer above the seabed has a density q 1 and sound velocity c 1 ðc 2 > c 1 ; c s < c 1 Þ. Attenuation of the compressional waves and shear waves in the seabed is introduced by allowing their velocities to become complex, c 2 ! c 2 ð1 À ie 2 Þ and c s ! c s ð1 À ie s Þ with e 2 and e s small dimensionless numbers, i.e., a 2 ¼ ð2p f =c 2 Þe 2 and a s ¼ ð2p f =c s Þe s in Np=m.
The main idea introduced by Tindle, Zhang, and Chapman is to have a fluid seabed model that is equivalent to an elastic seabed model, to let three equivalent parameters (q 2E ; c 2E , and a 2E ) do the work of five (q 2 ; c 2 , a 2 , c s , and a s ), and to have the same bottom reflection parameters (Q and P) and the same normal-mode decay factors b n in a shallowwater waveguide. For a low shear velocity ocean bottom with c s < c w ; e s ( 1; e p ( 1, ignoring e 
Tindle, Zhang, and Chapman derived the following approximation expressions for the equivalent sound attenuation ða 2E Þ, density q 2E , near-grazing bottom reflection factors ðQÞ, phase shift ðPÞ, and the hidden depth in terms of real acoustic parameters and the angular frequency x ð¼2p f Þ 
In these equations a 2 and a s are in Np/m. Based on these equations, Chapman clearly indicates "In propagation condition, where only Q and P determine the field, there are many different seabottoms (many families of five parameters) that deliver the same acoustic effect. Conversely, long-range inversion experiments that effectively only measure Q and P cannot hope to produce unambiguous values of five seabed parameters. However, the above equations strongly suggest how estimated parameter values might be correlated. For example, an inversion algorithm that underestimates shear velocity-or perhaps assumes zero shear velocity-would naturally also underestimate the density and overestimate the compressional-wave-attenuation, to compensate. Of course, the ambiguity of these inversions could be resolved by sampling the field at short range, where the acoustic field contains information about seabed interactions at steeper angles." 25 Unfortunately, the acoustic field at short range is often too insensitive to infer compression wave attenuation in the seabed; on other hand, the inverted seabed acoustic parameters that are obtained at short range might not represent the average geoacoustic characteristics of the entire large area used in the sonar performance modeling. Thus, using inversions to estimate the parameters of an effective seabed model "may turn out to be more useful for sonar performance prediction models." 25 Based on Eq. (8), all the LF field inversions in Ref. 1 that ignored the shear wave effect result in an equivalent bottom attenuation, a 2E , that is larger than the real compressional-wave-attenuation, a 2 . Tindle, Zhang, and Chapman numerically show that the equivalent fluid approximations are capable of providing a good approximation to the reflection coefficient of a solid seabed (with a low shear wave velocity), as well as a good approximation to SW long-range propagation. [25] [26] [27] [28] [29] B
The derivation of shear velocity and attenuation in this section is based on the following four conditions (models, measurements, or assumptions): (i) the LF compressional wave attenuation in ocean bottoms should follow quadratic frequency dependence ð/ f 2:0 Þ 17-21 ; (ii) the averaged LF field-inverted equivalent sound attenuation, a 2E , and velocity, c 2E , as a function of frequency have been obtained; (iii) three equivalent parameters (q 2E ; c 2E , and a 2E ) in an equivalent fluid seabed model do the work of five (q 2 ; c 2 , a 2 , c s , and a s ) in a poro-elastic seabed model for the near-grazing bottom reflection (consequently for SW long-range sound propagation) described by Eqs. (7)- (11); [25] [26] [27] [28] [29] and (iv) shear wave velocity and attenuation in sandy/silt bottoms obey the Biot-Stoll geoacoustic model.
Numerical simulations show that when both frame bulk and shear moduli are negligibly small, or two moduli are real (have no an imaginary term), the Biot-Stoll model does predict a quadratic frequency dependence at low frequencies.
As we know, 1 the higher the frequency, the larger the uncertainty of the geoacoustic inversion in shallow water would be. Yet at low frequencies, the sound attenuation, derived from several physics-based geoacoustic models, exhibits quadratic frequency dependence. Taking these two considerations into account, we will only use the LF fieldinverted attenuation data, a 2E ðf Þ, between 50 Hz and 500 Hz (that are listed in Table I ).
In the fall of 1999, a comprehensive field experiment named "SAX99" (sediment acoustics experiments) was conducted in the Gulf of Mexico (referred to as SAX99 site). 13, 14 During the SAX99 experiment, the Biot parameters of the sediments were extensively measured by using both traditional and newly developed methods. The sound velocity was measured over a frequency range of 125 Hz-400 kHz, and attenuation was measured over a frequency range of 2.6-400 kHz by scientists from different institutions. The data are unique both for the frequency range spanned at a common location and for the extensive environmental characterization. All the results on compressional and shear velocities and attenuations were summarized by Williams et al. 13 Reference 1 shows that the LF sound velocity and attenuation in sandy bottoms, inverted from 20 sites, smoothly join with the SAX99 benchmark data set in the mid to high frequency ranges. Thus, the shear velocities at two frequencies of 1000 Hz and 25 Hz from the SAX99 13, 14 will be used in this paper as reference values. Shear wave velocities were obtained from the SAX99 experiments using time-of-flight measurements. 13 At 1000 Hz, the average shear velocity was 122 m/s with a range of 97 to 147 m/s; the attenuation of shear waves was found to have a mean of 30.5 dB/m with a range of 21 to 40 dB/m at 1 kHz. At 25 Hz, the mean shear wave velocity was 150 m/s (in the upper layer of about 1 m thick, it was about 100 m/s; beneath this layer, the maximum velocity may approach about 200 m/s); the mean shear wave attenuation was 0.33 dB/m (in the upper layer it was 0.47 dB/m, in the lower stratum it is 0.19 dB/m).
In the basic Biot-Stoll theory, three parameters largely control the fluid motion that causes the nonlinear dispersion that is important in the coarser granular sediments. These are the permeability j s , the porosity b, and the tortuosity a 0 , which define the necessary amount of "added mass" in the Biot-Stoll model. These three parameters define the poresize parameter. Data/model comparisons (trials) tell us that the LF sound velocity ratio is very sensitive to the porosity of sediment and is less sensitive to its permeability and tortuosity. The LF sound attenuation is very sensitive to the permeability of the sediment and is less sensitive to its porosity and tortuosity. Thus, the porosity of 0:420 6 0:015 and the permeability of ð1:00 6 0:05Þ Â 10 À11 were easily determined as the values that provide the best match between the Biot-Stoll model and the LF inverted attenuations and velocity ratios. The other eleven Biot parameters were taken same as those from the SAX99 measurement. 13 All the effective Biot parameters that were used to match the LF fieldinverted sound velocity and attenuation are listed in Ref. 1 (Table X, The third term of Eq. (8) indicates that there is shear velocity-attenuation coupling; a decrease in shear velocity can be compensated by an increase in shear wave attenuation; that is, there may be many combinations of c s and a s that deliver the same effect. Thus, we use the shear velocity at 25 Hz or at 1000 Hz obtained from the comprehensive SAX99 measurements as a constraining condition. Based on "historical bounds" of frame shear modulus l 0 and shear log decrements d s for sandy/silt bottoms, 30 and l 0 was varied between 2:61 Â 14 For comparison, both shear velocity and attenuation measured by the SAX99 teams at two frequencies are plotted in Fig. 2 . Although only one value of shear velocity at 1000 Hz or 25 Hz from the SAX99 measurements is used as a constraining condition in this work, both the LF field-inverted shear velocity and the attenuation are close to the SAX99 measurements at two frequencies. Based on Buckingham, 15 "the sole reported data taken at a frequency of 1000 Hz" by Richardson from the North Sea site C1 are also plotted in Figs. 2(a) and 2(b) .
For case A (the velocity from the SAX99 measurements at 1000 Hz as a constraining condition), the shear wave velocity and attenuation, shown in Fig. 2 by solid lines, correspond to the LF field-inverted complex frame shear modulus l ¼ 2:91ð1 À 0:0981iÞ Â 10 7 Pa:
In case B (the velocity from the SAX99 measurements at 25 Hz as a constraining condition), c s ðf Þ and a s ðf Þ, shown in 
Comparing this with Eq. (13), a higher shear wave velocity (frame shear modulus) requires smaller shear wave attenuation (imaginary frame shear modulus). This is the shear wave velocity-attenuation coupling discussed before on Eq. (8) . By using any set of the shear wave velocity and attenuation shown in Fig. 2 as inputs for Eq. (8), the LF fieldinverted equivalent sound attenuations a 2E ðf Þ are corrected to same compressional wave attenuations, which can be expressed by a 2 ¼ ð0:420 6 0:035Þðf =1000Þ ð2:000 6 0:045Þ dB=m for 50 À 500 Hz:
The original LF field inverted equivalent sound attenuation from Ref. 1, a 2E , and shear wave corrected compressional wave attenuation, a 2 , as well as their power-law fittings, expressed by Eqs. (1) and (15), are plotted in Fig. 3 .
As an example for comparison, using Eqs. (10)- (12) we calculate the near-grazing bottom reflection loss/phase shift parameters and the hidden depth of shallow water (Q, P, and DH) for two cases: with or without shear waves that are plotted in Figs. 4(a)-4(c), respectively. With the exception of the shear modulus expressed by Eq. (13), which is inverted in this paper, other Biot parameters are the same as those listed in Ref. 1 (Table X, the column labeled "LF fit"). For the case of "no shear wave," we assume both frame bulk and shear moduli are real (have no imaginary term). Figure 4 (a) shows strong frequency dependence for the near-grazing seabed reflection loss from the sandy ocean bottoms in the cases with or without shear waves. This phenomenon may be extrapolated from papers published by Stoll and Kan, 8 and by Isakson and Neilsen. 31 An interesting frequency dependence shown in Fig. 4(a) predicts that the water-sediment interface for sandy bottoms may act as a filter with respect to broadband long-range sound propagation where lower-order modes with low-grazing angles are predominant.
III. SUMMARY AND DISCUSSION
The LF field inverted sound speed and attenuation in sandy seabottoms are "effective" results and yield a frequency exponent of 1.8 for attenuation. 1 Whereas several physical theories on seabed acoustics yield a result of 2.0. [17] [18] [19] [20] One of possible sources for this discrepancy may be neglected shear effects. 21 The LF field inversion results for the exponent of 1.8 make the assumption of an all-fluid medium with no shear properties. Based on some theoretical results of Tindle, Zhang, and Chapman, 25-29 the LF field-inverted compressional wave velocity and effective attenuation of Ref. 1 are used to estimate the average shear wave velocity and attenuation, and complex shear modulus for a frequency band of 50-500 Hz in upper layers of sandy and sand-silt mixture ocean bottoms. The resultant shear wave velocity and attenuation are consistent with the SAX99 measurement at 25 Hz and 1000 Hz.
Figure 4(c) shows that from 50 to 500 Hz, the hidden depths in shallow water, DH, is equal to about 28.0 m to 2.8 m. The effective penetration depth of sound waves at long ranges is less than DH. Thus, resultant shear wave velocity and attenuation shown in Figs. 2(a) and 2(b), as well as the complex shear modulus expressed by Eqs. (13) and (14) can be reasonably considered as average values in an upper layer of about 20 m thick.
In general, "shear wave properties are difficult to measure: their attenuation is high, and it is difficult to generate waves with predominantly transverse particle motions." 32 Buckingham indicated "In situ measurements of shear wave properties as functions of frequency are rarer than those of compressional waves. In fact, no published in situ measurements of shear-wave dispersion and attenuation over extended frequency ranges are known to the author." 16 Much of the early data on shear wave in the literature from both field and laboratory work is in the high-frequency range. Most of recent in situ measurements use interface waves on the bottoms; resultant shear wave speed and attenuation exhibit strong depth dependence beneath the water-seabed interface. 14, [32] [33] [34] [35] [36] [37] [38] Limited to the authors' knowledge, very few of those data are in a frequency range of 50-1000 Hz that we are interested in. Thus, the LF field inverted shear wave velocity and attenuation, and their possible range presented in this paper, might be helpful for analyzing the effects of the shear wave on LF long-range sound propagation in shallow water.
With the exception of common uncertainties that most geoacoustic inversions meet, the reliability of the LF fieldinverted shear wave velocity and attenuation in this paper mainly depends on the quality of the LF field-inverted effective sound attenuation in Ref. 1 , and the quality of shear wave velocity measured by the SAX99 group at 25 Hz or 1000 Hz. It also depends on the validity of those seabed geoacoustic models that predict that the compressional attenuation varies as f À2 at low frequencies. [17] [18] [19] [20] [21] Uncertainties on the LF field-inverted effective sound attenuation were discussed in Ref. 1 . Two lines in Figs. 2(a) and 2(b) show variations of the LF field inverted shear wave speed and attenuation caused by two different constraining values of shear wave velocity from two SAX99 teams (25 Hz for deeper sediments, 1000 Hz for a thinner top layer). That is, depending on the constraint that we choose, we may end up with different values for the outputs. However, these variations (uncertainties) have no effect on the physics problems we discussed, including the result shown in Fig. 3 . Figures  2(a) and 2(b) and Eqs. (13) and (14) show that a broadband shear wave speed, attenuation and complex frame shear modulus may be estimated from the LF field-inverted effective bottom attenuation plus one value of shear speed (or attenuation) at one single frequency. It will be desirable to simultaneously invert the effective bottom attenuation from the broadband long-range field measurements, and to measure shear wave velocity and attenuation for several frequencies by other methods at the same site, then to have sufficient comparison and validation of the results.
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APPENDIX: BIOT-STOLL EXPRESSIONS ON SHEAR WAVE VELOCITY AND ATTENUATION
For a harmonic plane shear wave of expðixt À ik s xÞ traveling through a sediment medium, in the Biot-Stoll model the frequency equation of shear wave can be expressed by 6, 7 
where x is the angular frequency, k s is wavenumber, and q is the total mass density
q f is the pore fluid mass density, g is the pore fluid viscosity, j is the hydraulic coefficient of permeability, b is the porosity, q s is the density of grain, and the frame shear modulus
is a complex modulus to account for dissipation loss at grain contact, and d s is the shear log decrement. The parameter
accounts for the phase of fluid flow with respect to the macroscopic pressure gradient. The structure constant c, or tortuosity, is equal to 1 for uniform pores that are parallel to the pressure gradient, and is equal to 3 for randomly oriented pores. The factor F is a viscosity correction to account for frequency-dependent viscous losses of oscillating flow in the sediment pore. Assuming cylindrical pores, Biot derived an expression for the viscosity correction factor F FðeÞ ¼ 1 4 The parameter a is the "pore size parameter" that depends on the shape and size of the sediment pores; it can be expressed by
From Eq. (A2), we may derive a complex wave number for shear wave in sediments as
where
Thus, the shear wave velocity in the sediments is Abstract. Research on ocean reverberation has practical and scientific significance. Much progress has been made in the past three decades to improve our understanding of reverberation. However, there remain important unanswered questions and a real scarcity of high-quality basic research data sets. New progress on the reverberation modeling and the lowfrequency (LF) seabed scattering characterization in shallow water (SW) requires three essential conditions: 1). A reliable reverberation model using a physics-based seabed scattering function, 2). Carefully calibrated broadband reverberation data, and 3). A ground truth about the seabed geoacoustic model. Some related work on these topics is introduced in this paper. The energy flux method for SW reverberation is briefly introduced. Integration of this method with physicsbased seabed scattering models directly and intuitively results in a general expression for SW reverberation. A simple relationship between the classic scattering cross-section and the modal scattering matrix is derived. Some basic research data sets, including the reverberation level/vertical coherence as a function of time, frequency, depth/hydrophone separation and sea state, are reported. Reverberation data and model predictions are in good agreement, which results in some inversion results. The HF seabed scattering models and the energy flux methodderived reverberation model are validated using LF reverberation broadband data. 
Keywords
I. INTRODUCTION
Ocean reverberation is often the most severe limiting factor in relation to the use of active sonar systems in shallow water. Much progress has been made to improve our understanding of reverberation, including reverberation modeling and high frequency (HF) seabed scattering. 25 "However, there remain important unanswered questions and a real scarcity of high-quality basic research data sets." 26 SW reverberation involves seabed (surface) scattering as well as two-way sound propagations, which are controlled significantly by a geo-acoustic model of bottom. New progress on reverberation is, in the final analysis, conditioned by our physical understanding of both seabed (and surface) geo-acoustic models and scattering models. Some related work on these topics is introduced in this paper, including theoretical modeling, seabed geaocoustic/scattering models, reverberation data-model comparisons and inversions.
II. THE THORETICAL MODELING: THE ENERGY FLUX METHOD FOR SW REVERBERATION
SW reverberation modeling includes the virtual image method 1 , ray method 2 , the normal-mode method [3] [4] [5] , the energy flux method [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the Green's function and the boundary perturbation method [16] [17] [18] [19] [20] , the two-way coupled mode method [21] [22] , the finite element method 23 , the parabolic equation method 24 , etc. This paper mainly introduces the energy flux method for SW reverberation.
A. General Reverberation Expression
The energy flux (angular spectrum) method for modeling SW reverberation, based on the WKB approximation of the normal-mode theory, was first presented in archived Chinese journals. [6] [7] [8] [9] Because it is simple and intuitive, the energy flux method has further been developed and widely used for SW reverberation calculations. [10] [11] [12] [13] [14] [15] The sound field in shallow water, generated by a point source (with a source level =0 dB), can be expressed as a summation of normal modes: 
where n  is the eigenfunction, n k is the longitudinal wave number, n  is the modal attenuation factor of the n th mode, 0 z is the source depth and z is the receiver depth.
Details of the interference fine structures are sometimes of no use for sonar performance predictions. Thus, the 2nd term of Eq. (2) 
B. A Reverberation Expression in the Angular Domain for the Pekeris Waveguide
For a special case, in the Pekeris waveguide (an iso-velocity water), Eq. (7) 
C. A General Reverberation Expression in the Modal Domain for a non-Pekeris Waveguide
For a non-Pekeris SW waveguide, Eq. (7) is changed back to a summation over the mode numbers, resulting in a general expression in the modal domain: (10) can be expressed by: 
D. Reverberation Vertical Coherence in Shallow Water
Spatial coherence in shallow water may be defined as a measure of arrival angles' spreading of signals. The vertical coherence of the SW sound field and the angular power spectrum of the arrival direction have a relationship that is similar to the Fourier transform: 
E. The Effective Geoacoustic Model for Sandy Seabottoms
Without a reliable geoacoustic model, all data-model comparisons in forward physics problems of reverberation, or reverberation inversion results, are questionable.
The debate on the sound speed dispersion and the frequency dependence of sound attenuation in seabottoms has persisted for decades. One of our recent papers analyzes and summarizes low-frequency (LF) measurements in shallow water that have resulted in the identification of nonlinear frequency dependence of sound attenuation in the effective media of sandy seabottoms (shown in Fig. 1 ). Both the LF field-derived sound speed and the attenuation can be well described by the Biot-Stoll model, using parameters that are consistent with either theoretical considerations or experimental measurements. 35 Based on this effective Biot model from the LF field measurements, the bottom reflection loss at low grazing angles is shown in Fig. 2 . The interesting frequency dependence in Fig. 2 predicts that the water-sediment interface for sandy bottoms may act as a filter with respect to the broadband long-range sound field where lower-order modes with low-grazing angles are predominant. It also affects the frequency dependence of both long-range reverberation and its inverted geophysical parameters. 
F. Seabed Scattering Models
Semi-empirical Seabed Scattering Cross-sections
For convenience, semi-empirical seabed scattering cross-sections are often assumed separable for incident angle and scattering angle 
A special case for 2 n  is the Lambert law, which is widely used for HF datamodel comparisons. However, this model has no physical basis.
Physics-based Seabed Scattering Cross-sections
In the past 30 years, one of the major accomplishments in ocean acoustics is the improvement in our understanding of seabed scattering, resulting from a significant effort, both in at-sea measurement and in theoretical modeling, made by many investigators. These accomplishments, including the rough bottom scattering (RBS) model and the sediment volume scattering (SVS) model, have been summarized in an underwater acoustics monograph by Jackson and Richardson. 25 According its introduction, "This monograph will emphasize small spatial scale and 'high frequencies', very roughly, frequencies from 10 kHz to 1 MHz". We will use SW reverberation data to test their suitability at low frequencies.
G. Modal Scattering Matrix in SW Waveguide
Using the energy flux method for SW reverberation, we have proved that, in Eq. (10) the modal scattering matrix in the SW waveguide between mode m and mode n can be expressed by: 
H. A Simple Formula to Derive LF Seabed Scattering at Low Grazing Angles in the Pekeris Waveguide
Low-frequency seabed scattering at low grazing angles (LGA) is almost impossible to directly measure in shallow water (SW), except through inversion from reverberation. The closed-form expressions for SW reverberation in the isovelocity waveguide derived from the energy flux method show that, at a given distance in the three-half law region the complex, seabed scattering by all modes/rays with different incident and scattering angles can equivalently be represented by the seabed backscattering at a single angle of ( ) / ( ) eg r h Qr
 
. This equivalent angle depends on distance r , seabed reflection loss factor Q and water depth h . 36 The simple equivalent relationship can be expressed by: (17) can be used to derive the LF&LGA seabed back scattering strength by measuring the reverberation level (RL) or/and transmission loss (TL). The method is valuable because it allows the seabed backscattering strength to be inverted at frequencies and angles where no practical method of measurements exists.
III. REVERBERATION MEASUREMENTS
A quality database of reverberation measurements is an absolutely essential component of any effort to understand the shallow-water reverberation problem. However, to get wideband reverberation data for both short-and long-range data in a frequency range of 100-3000 Hz is a delicate task that can be subject to errors. 37 Through years' efforts, a quality database of broadband reverberation has been set up/accumulated. This database has been (and will be) used to compare with theoretical reverberation models and to characterize the LF seabed scattering. Some examples selected from this database are shown in this section.
A. Reverberation Level ( , ) RL t f as a Function of Time and Frequency
Reverberation measurements were carefully calibrated. RL was normalized to the source level (SL). Fig.3 shows () RL t of 700-2500 Hz, obtained on June 3, 2012 at the ASIAEX site in the East China Sea. Fig.4 shows () RL f at 4 seconds after an explosive source is detonated, obtained from four sites. () RL t at the ASIAEX site.
FIG. 4.
() RL t at 4s from 4 sites
B. RL Depth Dependence and Interference Phenomenon
The first China-US joint ocean acoustics experiment (YS96) was conducted in the summer of 1996 in the Yellow sea with a strong thermocline. The reverberation data exhibited some special characteristics, including strong depth dependence, a regular interference, a resonant volume-scattering etc. 38, 39 Fig. 5a shows the 0 ( , ; ) RL t r z at 800 Hz when a hydrophone is located below the thermocline ( 60 RD m  ), and two sources are located below and above the thermocline, respectively ( 50 , 7 SD m or m  ). Fig. 5b shows that the RL exhibits a regular interference structure with increasing time (distance), when a receiver is in the thermocline (RD=22 m) and the source is below the thermocline (SD=50 ). 
C. Unknown Resonant Volume Scattering in Water Column
Reverberation data at the YS96 site also showed an interesting resonant volume-scattering in the water column as shown in Fig. 6: 1) . Around 20-23 seconds after the explosive sources were denoted (about 15-16 km away from a source), all 5 shot-produced reverberation data exhibited strong water volume scattering between 700 Hz and 3000 Hz, peaked around 1500 Hz. It was about 7-10 dB higher than bottom scattering-induced RL from same distance. The horizontal size (dimension) of a scattering volume was about 2000 meters. The reverberation at 29 km away from the source, produced by shot I, also had a stronger wideband volume scattering. But the horizontal size of the scattering volume was much smaller. 2) For shot III (2 minutes after the first shot I), an apparent fish (group) produced resonant scattering around 300 Hz at around 29 km away from the source/receiver location. The scattering strength at 300 Hz was about 20 dB higher than the bottom scattering from same distance. However, the wideband volume scattering at same distance shown in the shot I disappeared. Both the source and the receiver were located below the thermocline. The scattering mechanism that responded to the observed volume scattering is unknown.
D. Reverberation Vertical Coherence
Reverberation vertical coherence (RVC) from three sites has been analyzed and added to our quality data base for further reverberation modeling and for the LF seabed scattering characterizations.
For example, Figs.7a-7b show the RVC as function of time, frequency and hydrophone separation, obtained from the YS'96 site and the ASIAEX site, respectively. Fig. 8 , where the wind speed was measured at 14 m elevation). Thus, these measurements offer an opportunity to evaluate sea surface effects on reverberation level (RL), reverberation vertical coherence (RVC), and RVC-inverted bottom acoustic parameters in shallow water (SW). 40, 41 Two sets of data for RVC and RL in a frequency range of 100-2500 Hz show differences that are the apparent effects of the surface roughness. In contrast to many peoples' intuition: with increasing sea state, the RVC increases (shown in Fig. 9 ), but the RL decreases (shown in Fig. 10 ). 
IV. REVERBERATION DATA-MODEL COMPARISON AND INVERSION
A. Data-model Comparisons Using Physics-based Seabed Scattering Model
Two reverberation measurements were conducted in the East China Sea. Two sound velocity profiles (SVP) are shown in Fig. 11 . The SVP at the ECS site I was almost iso-velocity (the Pekeris shallow water). The SVP at the ASIAEX site on June 3, 2001 had a weaker negative gradient. The effective Biot seabed geoacoustic model 35 derived from the LF field measurements is used in our reverberation modeling. The physics-based rough seabed scattering cross section and the sediment volume cross section have been extensively tested with HF data 25 , and are used in Eq. (9) and Eq. (11) for data-model comparisons. Figs. 12a and 12b show the reverberation data-model comparisons at the ECS site I, using Eq. (9) in the angular domain for a Pekeris waveguide. Figs. 13a  and 13b show the data-model comparisons at the ASIAEX site, using Eq. (11) That is, the physics-based HF seabed scattering models can be used to predict LF reverberation using a right set of seabed geoacoustic and scattering parameters. Our reverberation expressions in both the angular and the modal domain are also validated. Reverberation vertical coherence has been used to derive effective seabottom sound speed, attenuation and reflection loss. Fig. 15a shows the best match between the measured and theoretical RVC at 400 Hz for the ASIAEX site using a pair of values for bottom sound velocity and attenuation. Fig. 15b shows the effective boundary (bottom and surface) reflection loss difference at the ASIAEX site, inverted from RVC on 3 June and 5 June, respectively. It shows that higher boundary loss corresponds to the increase of the sea state. This figure also shows that the additional surface loss in shallow water is less than the coherent mean reflection loss predicted by the perturbation theory with the Pierson-Moskowitz model, because some forward scattered energy returns to the waveguide. These results were obtained using the semiempirical seabed scattering model. In the future, it is desirable to use physics-based seabed scattering models to get better results, including the sea surface forward scattering. 
D. Reverberation-inverted LF seabed scattering parameters
The reverberation data-model comparisons in Sec. IV (A) have proved that the well developed HF physics-based seabed scattering model can directly be used to predict LF SW reverberation. However, the broadband reverberation-inverted LF seabed scattering parameters are different from those values often used for HF modeling or testing. For example, the HF roughness spectrum exponent is restricted to the range of with a mean of 3.0. But, the long-range reverberation inverted LF roughness spectrum exponent has a much smaller value with a mean of 1.3. The HF sediment volume scattering cross section V  is generally assumed to have linear frequency dependence. However, the broadband LF long-range reverberation-inverted V  exhibits much stronger frequency dependence, up to the fourth power of the frequency.
V. SUMMARY
The energy flux method for SW reverberation based on the WKB approximation of normal-mode theory, first presented three decades ago in archived Chinese journals, is briefly introduced with new results. Benefiting from the accomplishments of the seabed scattering research community, we have integrated the energy flux method for SW reverberation with the physics-based seabed scattering models, and obtained a general expression for SW reverberation in the angular domain (Eq. 7) or in the modal domain (Eq. 11). The integration also directly results in a simple relationship between the classic boundary scattering cross-section and the modal scattering matrix in SW waveguide expressed by Eq. (15) . The development of a high quality reverberation data base has become a pressing task for SW reverberation modeling and for LF seabed scattering characterization. Some data on RL and RVC as a function of time, frequency, depth/hydrophone separation and sea state, are reported. The reverberation data and the energy flux method-derived reverberation model are in good agreement. Reverberation-based inversion results, briefly reported in this paper, include the low grazing angle seabed scattering strength vs. angle and frequency, seabottom velocity and attenuation, additional sea surface reflection loss, and the LF seabed scattering parameters for the rough seabed scattering and the sediment volume scattering section, etc.
Integrating the energy flux method for reverberation with physics-based seabed scattering models: Modeling and inversion In general, seabed scattering is a dominant mechanism of generating SW reverberation. In the past 30 years, one of the major accomplishments in ocean acoustics is the improvement in our understanding of seabed scattering, resulting from a significant effort of both at-sea measurement and theoretical modeling made by many investigators. These accomplishments, including the rough bottom scattering (RBS) model and the sediment volume scattering (SVS) model, have been summarized in an underwater acoustics monograph by Jackson and Richardson. 33 However, there remains a real scarcity of seabed scattering data sets in the low frequency (LF) range of 100-2600 Hz that can be used to compare with the RBS and SVS models.
Motivated by the above-mentioned three "howevers," this paper integrates the energy flux method of SW reverberation with the physics-based seabed scattering models. The integration directly and intuitively results in a practical expression for long-range SW reverberation in terms of seabed physical/scattering parameters.
The present paper first introduces a theoretical model for SW reverberation using the energy flux method, then characterizes the LF seabed scattering at low grazing angles from broadband reverberation data using the Biot geoacoustic model. The paper is organized as follows. Section II briefly introduces the energy flux (angular spectrum) method for SW reverberation, which is based on the Wentzel-KramersBrillouin (WKB) approximation. 9 For readers' convenience, two physics-based seabed scattering models that are widely used for high frequency (HF) seafloor scattering, the RBS model and the SVS model, 33 are briefly introduced in Sec. III. Section IV integrates the energy flux method of SW reverberation with these physics-based RBS and SVS models. The integration results in a practical expression for SW reverberation in the angular domain or in the mode domain. A simple relationship between the bottom scattering cross sections and the modal scattering matrix in the SW waveguides obtained from the integration is described in Sec. V. For validating the energy flux method-derived reverberation expressions with the HF RBS and SVS models, data-model comparisons for the ASIAEX site are given in Sec. VI. Section VII characterizes the LF seabed scattering at low grazing angles using broadband long-range reverberation data and the Biot geoacoustic model. Finally, Sec. VI summarizes and discusses the results of this paper. 
II. THE ENERGY FLUX METHOD FOR SW REVERBERATION
The angular spectrum (energy flux) method for modeling SW reverberation, based on the WKB approximation of normal-mode theory, was first presented in archived Chinese journals. [9] [10] [11] [12] [13] Due to its simplicity and intuitiveness, the energy flux method has further been developed and widely used for SW reverberation calculations. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] This method is briefly introduced here, and the interested reader is referred to the basic concepts in Sec. II and Sec. IV of Ref. 9 .
The sound field in SW, generated by a point source (with a source level, SL ¼ 0 dB), can be expressed as a summation of normal modes
The sound intensity is expressed by
where U n is the normalized eigenfunction, k n is the longitudinal wave number, b n is the modal attenuation factor of the nth mode (i.e., the complex wave number K n ¼ k n þ ib n ). z 0 is the source depth and z is the receiver depth. The first term of Eq. (2) is an incoherent summation of normal modes. It describes the average intensity of the sound field. For many practical applications such as sonar performance predictions, an average estimate of the sound intensity is quite sufficient, i.e., the second term of Eq. (2), which describes the interference fine structure, can be neglected. According to the WKB approximation, the smoothed (slowly varying) energy depth distribution of the nth mode can approximately be expressed as
Here, S n is the cycle distance of the nth mode that is the sum of the geometric cycle distance S ng and the beam displacement D n :
and h n is the mode angle. D n is a beam displacement on the bottom reflection. If the bottom reflection is expressed by VðhÞ ¼ jVðhÞj expðiu b Þ, with a phase of u b , then D n ¼ du b =dk n . The eigenvalue k n of the nth mode satisfies relationship
where n n and g n are the upper and lower turning (or reflection) depths of the nth mode, e n n and e g n are the corresponding phase shifts, and k w ðzÞ ¼ x=cðzÞ is the wave number in water. The modal attenuation factor, b n , can be expressed approximately in terms of the bottom reflection coefficient VðhÞ,
Each normal mode can be decomposed into a pair of upand down-going local quasi-plane waves. We shall call the local plane wave an equivalent "mode ray." The angle of the mode ray and the eigenvalue of the nth mode are related by k n ¼ k w ðzÞ cos h n ðzÞ:
It is well known
Using Eqs. (7) and (8), we have dn ¼ S n k w ðz 0 Þ sin h n ðz 0 Þdh n ðz 0 Þ 2p :
The incoherent summation over modes can be changed to an integration over the mode-ray angle h. Proceeding from Eqs. (2), (3), (6), (8) , and (9), and adding a term of water absorption, we can derive a general expression for the average field intensity in SW given by 
À2b n r S n tan h n ðzÞ ¼ 2e 2lnjVðhÞjr=S n ðhÞ S n tan h n ðzÞ :
Using different methods, Brekhovskikh, 36, 37 Smith, 38 Brekhovskikh and Lysanov, 39 and Katsnelson and Petnikov 40 obtained an expression that is similar to Eq. (10). In Eq. (11), a w is the water column absorption coefficient; h(z 0 ) is the grazing angle of the mode rays at the source depth, and h(z) is the grazing angle at the receiver depth (note: Here "depth" means in the whole water column not just at the source/ receiver location). The quantity defined by Eq. (11), I aps , is referred to as the "angular power spectrum" of sound propagation. 9 Smith also called it the "energy density in direction of arrival" (Ref. 38) . The average sound intensity in SW depends only on water absorption and two other parameters: The bottom reflection coefficient VðhÞ and the cycle distance S n of the mode ray.
Equation (10) is a simple and intuitive expression for calculating averaged SW field characteristics such as sound propagation, reverberation, noise, and their spatial coherence. It is only an angular weighting process. For calof 3-12 s; the ranges from the source to the seabed scattering areas are about 22-88 times of the water depth. The choice of the RL data between 3 and 12 s is based on the following considerations: (1) As we discussed in a previous paper, 14 to get quality wideband reverberation levels (RL) normalized to the source level (SL) simultaneously for both short and long range is a very delicate task that can be subject to errors. At short-range, the measurements often encounter signal overflow or saturation and possible nonlinear gain problems in the reverberation measurement system caused by a powerful explosive source. (2) Due to strong environmental noise interference, it is very hard to get long-range RL with a higher reverberation-to-noise for lower frequencies, such as 150 and 200 Hz. Thus the quality of RL data between 3 and 12 s should be more reliable when a broadband of 150-2500 Hz is used. (3) The RBS cross section r rbs and the equivalent interface bistatic cross section for SVS r svs , expressed by Eqs. (13) and (27) , are derived from the perturbation approximations. They are more accurate at lowto mid-grazing angles, and not good for very large grazing angles. The RL data between 3 and 12 s ensure all inverted seabed scattering are for low grazing angles in the whole frequency band of 150-2500 Hz. (4) The reverberation expressions in this paper are better for long range reverberation predictions (see the discussion made in the last paragraph of Sec. VI). (5) The seabed effective geoacoustic model in this paper is derived from LF long-range field measurements and is assumed as a homogenous half space. The long-range reverberation data ensure only a top layer of the bottom is under the consideration for the LF seabed scattering characterization.
1. The LF bottom roughness spectrum from long-range reverberation
In contrast to Figs. 2 and 3 , obtained from RLðtÞ at given single frequencies, Fig. 5 and Table III show that the wideband reverberation data as a function of frequency, RLðf Þ, between 150-2500 Hz at different reverberation times may uniquely determine the bottom roughness spectrum. For example, based on Table III , the average LF bottom roughness spectrum parameters for low grazing angles at the ASIAEX site, derived from RLðf Þ data between 3 and 12 s in a frequency band of 150-2500 Hz, are close to c 2 % 1:3; x 2 % 2:8 Â 10 À5 :
These values are different from those commonly used for HF. Table III also shows that with decreasing time/range (corresponding to increased grazing angles of the seabed scattering), RLðf Þ-inverted c 2 and x 2 seem to increase. c 2 , inverted from short-range reverberation at 1.5 and 2 s, may reach to 2.2-2.3. The reason for this is not clear at this moment. It might be due to the scattering contributions from deeper layers of sediments at short range for lower frequencies or due to the problems/physics discussed in the first paragraph of Sec. VII C. In addition, the theoretical RL values at shorter range are also less accurate. Thus the results from 1.5 and 2.0 s are included in Table III just for reference/discussion. same as those in Fig. 4 , obtained from RLðtÞ at different frequencies.
As this time, we do not know why the LF bottom roughness spectrum and the SVS cross section at low grazing angles, derived from wideband long-range reverberation, have different characteristics from those commonly used for HF. We also do not know which of these should be a dominant LF seabed scattering mechanism for long-range reverberation. These questions are outside of the present paper's scope. Hopefully, the LF seabed scattering parameters at low grazing angles inverted from long-range reverberation measurements in this paper can offer some reference data sets for future analysis of the LF seabed scattering mechanisms.
VIII. SUMMATION AND DISCUSSION
The energy flux (angular spectrum) method for SW reverberation, based on the WKB approximation to the normal-mode solution, has been integrated with the physicsbased RBS and SVS models. The integration also results in a simple relationship between the classic seabed scattering cross sections and the modal scattering matrix in waveguides. Taking advantage of the progress made by the seabed scattering community, and using commonly known seabed geoacoustic/scattering models, the resultant SW reverberation expressions in the angular domain or in the modal domain can conveniently be used for predicting SW reverberation for the Pekeris waveguide or non-Pekeris waveguide, respectively. Comparisons of the reverberation model with the reverberation data, collected from the ASIAEX site in a frequency range of 150-2500 Hz, show that the the RBS model or the SVS model can directly be used for the LF reverberation modeling.
The reverberation data at the ASIAEX site are used for characterization of the LF seabed scattering at low grazing angles. The results show that the reverberation level as a function of time, RLðtÞ, at one single frequency cannot uniquely determine the seabed scattering parameters. The wideband reverberation data can uniquely determine a set of the bottom roughness spectra or the SVS cross section. The bottom roughness spectrum and the SVS cross section, inverted from the broadband long-range reverberation data at the ASIAEX site, exhibit different characteristics from those commonly used in HF. For example, for the HF, the roughness spectrum exponent is restricted to the range of 2 c 2 4 with a mean value of 3.0. But the long-range reverberation inverted LF roughness spectrum exponent c 2 % 1:3. The HF SVS cross section r V is generally assumed to have linear frequency dependence. However, in the 150-2500 Hz range, the long-range reverberationinverted r V exhibits much stronger frequency dependence: r V / f 3:8 . All the reverberation inversions in this paper are constrained by the Biot geoacoustic model for the bottom. The reverberation data from the ASIAEX site can almost be equally well predicted by the RBS model and SVS model. To analyze which one (or both) is a dominating LF scattering mechanism at low grazing angles, it is desirable to have geophysical measurements on the bottom roughness spectrum and sediment inhomogeneities for the seabed scattering modeling. Further research is called for understanding the mechanism of the reverberation-inverted LF seabed scattering characteristics and analyzing the uncertainties in reverberation inversion with more measurements.
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